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Dicke superradiance as a nondestructive probe for quantum quenches in optical
lattices
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We study Dicke superradiance as collective and coherent absorption and (time-delayed) emission
of photons from an ensemble of ultracold atoms in an optical lattice. Since this process depends
on the coherence properties of the atoms (e.g., superfluidity), it can be used as a probe for their
quantum state. In analogy to pump-probe spectroscopy in solid-state physics, this detection method
facilitates the investigation of nonequilibrium phenomena and is less invasive than time-of-flight
experiments or direct (projective) measurements of the atom number (or parity) per lattice site,
which both destroy properties of the quantum state such as phase coherence.
PACS numbers: 42.50.Gy, 05.30.Jp, 03.75.Lm.
I. INTRODUCTION
Ultracold atoms in optical lattices are very nice tools
for investigating quantum many-body physics since they
can be well isolated from the environment and cooled
down to very low temperatures [1–3]. Furthermore, it is
possible to control these systems and to measure their
properties to a degree which cannot be reached in many
other scenarios. For example, the quantum phase tran-
sition [4] between the highly correlated Mott insula-
tor state and the superfluid phase in the Bose-Hubbard
model [5–7] has been observed [8–10]. This observation
was accomplished by time-of-flight experiments where
the optical lattice trapping the atoms is switched off and
their positions are measured after a waiting time. As an-
other option for detecting the state of the atoms, the di-
rect in situ measurement of the number of atoms per lat-
tice site (or more precisely, the parity) has been achieved
recently (see, e.g., [11, 12]). However, both methods are
quite invasive since they destroy properties of the quan-
tum state such as phase coherence1.
Methods for less destructive probing of the quantum
state of atoms in optical lattices were proposed recently,
e.g., the interaction with light in an optical cavity [13–
19] or matter-wave scattering with (slow) atoms [20, 21].
In this paper, we study an alternative, nondestructive
detection method2 based on Dicke superradiance, i.e.,
∗Electronic address: ralf.schuetzhold@uni-due.de
1 In addition, one has to be careful in interpreting the momen-
tum distribution of a time-of-flight measurement, as it was, e.g.,
shown that sharp peaks are not a reliable witness of superfluidity
[36].
2 In contrast to instantaneous off-resonant Bragg-type scatter-
ing of cavity or resonator modes considered previously [18, 19],
or vacuum-stimulated scattering of light to directly measure the
dynamic structure factor [13], we study resonant Dicke superra-
diance in free space with a time delay between absorption and
emission. As a result, our method is sensitive to the correlator
of creation bˆ†µ(t) and annihilation bˆν(t
′) operators (6) including
their phase coherence at different times t and t′ (and lattices sites
µ and ν) instead of the correlator containing on-site number op-
the (free-space) collective and coherent absorption and
emission of photons from an ensemble of ultracold atoms
(see, e.g., [22–25]). We investigate how the lattice dy-
namics (e.g., hopping) occurring between the absorption
and subsequent superradiant emission of single photons
[26–28] changes the emission characteristics.
To probe the quantum state of the optical lattice, we
envisage the following sequence (see Fig. 1): First, an in-
frared photon is absorbed by one of the atoms, but we do
not know which one (creating a “timed” Dicke state [26–
28]). Then, during a waiting period ∆t, the atoms have
time to tunnel and to interact. Afterwards, the excited
atoms decay back to their ground state by collectively
emitting an infrared photon – depending on the coher-
ence properties of the atoms. Options for experimental
realizations will be discussed below.
II. BASIC FORMALISM
Under appropriate conditions, bosonic ultracold atoms
in optical lattices are approximately described by the
Bose-Hubbard Hamiltonian [7],
HˆBH = − J
Z
∑
µν
Tµν bˆ
†
µbˆν +
U
2
∑
µ
nˆ(b)µ (nˆ
(b)
µ − 1) , (1)
with the hopping rate J , the interaction strength U , the
adjacency matrix Tµν , and the coordination number Z.
Here, we assume a quadratic lattice with Z = 4. Fur-
thermore, bˆ†µ and bˆν denote the creation and annihilation
operators of the atoms (in their ground state) at lattice
sites µ and ν, respectively, and nˆ
(b)
µ = bˆ†µbˆµ is the num-
ber operator. Assuming unit filling 〈nˆ(b)µ 〉 = 1, this model
erators nˆν(t) at the same time t only, as in [19]. Employing the
analogy to solid-state physics, these previous approaches are sim-
ilar to Bragg scattering (Debye-Waller factor, etc.), whereas our
method corresponds to pump-probe spectroscopy with a time de-
lay – which provides important complementary information, e.g.,
for nonequilibrium phenomena.
2FIG. 1: (Color online) Envisaged probing sequence. First, an
infrared photon κin is absorbed collectively by the ground-
state atoms at their respective lattice sites. Second, the atoms
tunnel and interact according to (1) during a waiting period
∆t, thereby possibly compromising the spatial phase coher-
ence of the Dicke state. In the third step, the photon is (col-
lectively) emitted again with the wave vector κout.
displays a quantum phase transition [4] between the su-
perfluid phase where J dominates and the Mott insulator
state where U dominates. In the extremal limits J ≫ U
and U ≫ J , the ground states simply read
|Ψ〉J=0Mott =
∏
µ
bˆ†µ |0〉 =
⊗
µ
|1〉µ , (2)
for the Mott insulator state and
|Ψ〉U=0superfluid =
1√
N !
(
bˆ†k=0
)N
|0〉 ∝
(∑
µ
bˆ†µ
)N
|0〉 , (3)
for the superfluid phase, where N is the total number of
lattice sites (which equals the number of particles).
Now, we consider the interaction of these atoms with
infrared photons. Assuming that the wavelength of these
infrared photons is much larger than the lattice spacing
of the optical lattice, we have a large number of atoms
within one (infrared) photon wavelength. In addition,
the atomic recoil due to the absorption or emission of
an infrared photon is negligible, which is another basic
requirement for Dicke superradiance. The interaction be-
tween atoms and photons is then described by
Hˆint =
∫
d3k gk(t)aˆk
∑
µ
cˆ†µbˆµ exp (ik · rµ) + H.c., (4)
where aˆk is the annihilation operator of a photon with
wave number k and rµ is the position of the atom at the
lattice site µ. The excited atoms at lattice sites µ and ν
are described by the creation and annihilation operators
cˆ†µ and cˆν and thus one has to extend the Bose-Hubbard
Hamiltonian (1) accordingly.
III. EMISSION PROBABILITY
In lowest-order perturbation theory, the probability
(density) to first absorb a photon with wave number κin
and later (after the waiting time ∆t) emit a photon with
wave-number κout reads
P =
∫
dt1 dt2 dt3 dt4 gout(t4)g
∗
out(t2)g
∗
in(t3)gin(t1)
× exp {i(ωint3 − ωoutt4)− i(ωint1 − ωoutt2)}
×D (t1, t2, t3, t4) , (5)
with the operatorial part containing the lattice dynamics
D (t1, t2, t3, t4) =
∑
µνρη
exp {i (κout · rρ − κin · rη)}
× exp {−i (κout · rµ − κin · rν)}
×〈bˆ†η(t3)cˆη(t3)cˆ†ρ(t4)bˆρ(t4)bˆ†µ(t2)cˆµ(t2)cˆ†ν(t1)bˆν(t1)〉. (6)
The expectation value in the last line should be taken
in the initial state, which could be a pure state, such as
the superfluid state (3) or the Mott state (2), or a mixed
state such as a thermal density matrix.
As a result, this probability (density) depends on the
above four-times eight-point function, which contains in-
formation about the underlying state. Unfortunately,
since the Bose-Hubbard model is not integrable, we do
not have an explicit solution for this eight-point function
apart from some limiting cases. Let us first study the spe-
cial case that the initial state ˆ̺in contains no correlations
and zero (cˆ†µ) excitations, i.e., it can be represented by a
product of single-site states ˆ̺in = ⊗µ ˆ̺inµ with 〈cˆ†µcˆν〉 = 0.
Furthermore, we assume that the correlations which arise
through the time evolution ∆t remain negligible. Then,
the operatorial part reads to leading order in N ,
Dκinκout (t, t′) =
∣∣∣∑
µ
exp {−i (κout − κin) · rµ}×
× 〈bˆ†µ(t′)cˆµ(t′)cˆ†µ(t)bˆµ(t)〉
∣∣∣2 , (7)
where t = t1/3 denotes the time when the photon is ab-
sorbed and t′ = t2/4 the emission time. The result is
quite intuitive, as the above expectation value is just the
probability amplitude that the excited atom stays at the
lattice site µ during the waiting time ∆t = t′ − t. In
the limit of J = 0, the atoms are pinned to their lattice
sites and we get the usual Dicke superradiance. In this
case, the expectation value gives the number nµ of atoms
at site µ, and the sum can be interpreted as a discrete
Fourier transform of the nµ-distribution of the atoms in
the lattice. Considering, e.g., the Mott state (2), where
all the atoms are equally distributed, the Fourier trans-
form yields a sharp peak δ(κin,κout), which corresponds
to the well-known directed spontaneous (superradiant)
emission for fixed atoms [26–28]. However, we would like
to stress again that Eq. (7) is only valid when the corre-
lations between lattice sites are negligible. Turning this
3argument around, a deviation from Eq. (7) is an indicator
for correlations.
In the other limiting case U = 0, we may also sim-
plify Eq. (6). Assuming that there are no excited atoms
initially 〈cˆ†µcˆν〉 = 0, the eight-point function in (6) can
be reduced to a four-point function in terms of the op-
erators bˆ†µ and bˆν . After a Fourier transform, this four-
point function 〈bˆ†q−κin bˆq−κout bˆ†p−κout bˆp−κin〉 depends on
two wave numbers p and q (assuming translational in-
variance). If we have a Gaussian state (for U = 0), such
as a thermal state or (to a very good approximation) the
superfluid state (3), it can be expanded into a sum of
products of two-point functions via the Wick theorem.
Finally, if the initial state is diagonal in the k basis –
which is also the case for the superfluid state (3) and
thermal states – these two-point functions just give the
spectrum Nk, i.e., the number of particles per mode k.
For example, the expectation value 〈bˆ†q−κin bˆq−κout〉 be-
comes Nq−κinδ(κin,κout).
IV. SUPER-RADIANCE
As an example for the general considerations above,
let us consider the superfluid state (3) with U = 0 as
the initial state. In this case, the probability (density) in
Eq. (5) is independent of the waiting time ∆t and yields
P = N2δ(κin,κout)Psingle , (8)
to leading order, where Psingle is the corresponding ex-
pression for a single atom. As a result, we obtain the
same Dicke superradiance as in the case of immovable
atoms. Note that one factor ofN originates from the sim-
ple fact that N atoms absorb the incident photon more
likely than one atom – whereas the other factor of N cor-
responds to the coherent enhancement of the collective
decay probability (i.e., Dicke superradiance).
As the next example, let us consider a state where
N1 atoms are in the superfluid state (with k = 0) while
the other N2 atoms are equally distributed over all k
modes. This can be considered as a simple toy model for
a thermal state with partial condensation, for example.
In this situation, the probability (density) in Eq. (5) does
depend on the waiting time ∆t and behaves as
P =
∣∣∣N1eiϕ(∆t) +N2J (∆t)∣∣∣2 δ(κin,κout)Psingle . (9)
The phase ϕ(∆t) can lead to interference effects between
the two terms and is given by ϕ(∆t) = J(Tκ − 1)∆t,
where we have abbreviated κ = κin = κout and Tk de-
notes the Fourier transform of the adjacency matrix Tµν .
For a quadratic lattice with lattice spacing ℓ, it reads
Tk = [cos(kxℓ) + cos(kyℓ)]/2. The remaining function
J (∆t) describes the reduction of superradiance due to
the hopping of the excited atoms during the waiting time,
J (∆t) = 1
N
∑
k
exp {iJ(Tk − Tk−κ)∆t} ≤ 1 . (10)
For small wave numbers |κ|ℓ≪ 1 and large enough wait-
ing times ∆t such that J∆t|κ|ℓ = O(1), it can be ap-
proximated by Bessel functions J0,
J (∆t) ≈ J0
(
J∆t
2
κxℓ
)
J0
(
J∆t
2
κyℓ
)
. (11)
As a result, the peak in forward direction decays with
time ∆t unless the photon was incident in orthogonal di-
rection κx = κy = 0 or all atoms are in the superfluid
state (k = 0), i.e., N2 = 0. This can be explained by the
fact that the (excited) atoms tunnel during the waiting
time ∆t and thus the initial and final phases exp (ik · rµ)
do not match anymore. The explicit dependence of the
Bessel functions on the wave-vector κ is a clear deviation
from Eq. (7) and demonstrates the significance of corre-
lations between lattice sites, which are induced by the
hopping J . In summary, a fully condensed state (N2 = 0)
can be distinguished from a partially exited (e.g., ther-
mal) gas of atoms (N2 6= 0) via Dicke superradiance.
V. PHASE TRANSITION
Now, after having discussed the two cases J = 0 and
U = 0 separately, let us consider a phase transition be-
tween the two regimes. After the initial Mott state (2)
has absorbed the incident photon with wave-number κin,
we have the following excited state
|Ψ〉Mottexcited =
1√
N
∑
µ
exp (iκin · rµ) cˆ†µ
∏
ν 6=µ
bˆ†ν |0〉 . (12)
Actually, for U ≫ J , this is an approximate eigenstate
of the Bose-Hubbard Hamiltonian (1) in the subspace
where one atom is excited and the N − 1 others are not.
Now, assuming that N is large but finite, we could envis-
age an adiabatic transition from the initial Mott regime
U ≫ J to the superfluid phase where J ≫ U . Due to
the adiabatic theorem, an initial eigenstate such as the
state (12) stays an eigenstate during that evolution and
thus we end up with the state (for N ≫ 1),
|Ψ〉superfluidexcited =
1√
(N − 1)!
(
bˆ†k=0
)N−1
cˆ†κin |0〉 , (13)
where the excited atom possesses the initial wave number
κin of the absorbed photon and the N − 1 other atoms
are in the superfluid state (3). Calculating the emission
probability from this state, we find that it shows precisely
the same characteristic features of Dicke superradiance
and thus photons are emitted predominantly in the κin
direction (as one would expect).
As the opposite limit to an adiabatic passage from the
Mott state to the superfluid phase, let us study the sud-
den switching procedure (quantum quench). Again start-
ing in the state (12), we now envisage an abrupt change
from J = 0 (and U > 0) to U = 0 (and J > 0). After this
sudden switch, the state (12) is no longer an eigenstate
4of the Bose-Hubbard Hamiltonian (1) but a mixture of
excited states. Calculating the emission probability from
this state, we find that it coincides with Eqs. (9) and (10)
for N2 = N and N1 = 0. Ergo, the initial Mott state –
after the sudden switch – behaves as a state where all
momenta are equally populated. This is a quite intuitive
result, but one should keep in mind that the state (12)
is not a Gaussian state such that some care is required
by applying the results from the previous section. Nev-
ertheless, one can distinguish an adiabatic from a sudden
transition via Dicke superradiance as the emission char-
acteristics are different.
VI. EXPERIMENTAL REALIZATION
Let us now discuss possible experimental realizations.
We consider an optical lattice formed by a green (e.g.,
argon-ion [29]) laser with λlat = 514 nm with a lat-
tice constant ℓ = λ/2 = 257 nm [6, 7, 30, 31]. If we
assume that the incoming photon has a wavelength of
λphoton = 2π/|κin| = 10.6 µm [32], the recoil energy of
the incoming infrared photon is a factor ElatR /E
photon
R =
4 · 102 smaller than the recoil energy of an optical lattice
photon, thus the atomic recoil due to the absorption or
emission of the infrared photon is negligible. Further-
more, the ratio ℓ2/λ2photon is small enough to ensure that
collective coherent emission (i.e., Dicke superradiance)
is faster than spontaneous incoherent emission of single
atoms (see, e.g., [33]). For this reason, the absorbed and
emitted photon needs to be in the infrared region. In the
following, we specify three options for infrared emission.
I. The most straightforward way to implement the
probing sequence displayed in Fig. 1 would be a sim-
ple two-level system with an infrared transition and a
life-time which is sufficiently long compared to the time
scales of the lattice dynamics (e.g., the tunneling time of
typically τtunnel = ~/J = 5 · 10−5 s). This seems hard
to achieve with the usual atoms (e.g., Rb, Na) used in
optical lattices, but may be feasible using molecules.
IIa. This motivates replacing the single-photon tran-
sition envisaged above by multiphoton transitions. For
example, one could imagine a detuned four-photon tran-
sition as depicted in Fig. 2(a), where three participating
photons γ1, γ2, and γ4 are provided by external lasers
while the the fourth missing photon γIR is the infrared
photon under consideration. This scheme further facili-
tates controlling the involved time scales since the three
external lasers γ1, γ2, and γ4 can be switched on (during
absorption and emission of the infrared photon γIR) and
off (during the waiting time ∆t) by hand.
IIb. Alternatively, the Dicke state can also be gener-
ated by a two-photon process as sketched in Fig. 2(b),
where one photon γ1 is provided by an incident laser.
Detecting the momentum kStokes of the emitted (or scat-
tered) Stokes photon then yields κin (see, e.g., [26, 27]).
III. Instead of a pure Dicke state corresponding to
the absorption and emission of single photons, i.e., a
well-defined number of excitations, we could also use co-
herent states as generated by classical laser fields. Let
us consider two counter-propagating lasers (γ1 and γ2)
which are switched on for a short time such that they
excite on average a certain number n¯ of atoms via the
detuned two-photon (Raman) transition in Fig. 2(b).
In terms of the effective angular momentum operators
Σ+ =
∑
µ cˆ
†
µbˆµ exp(iκin · rµ) and Σ− = Σ†+, as well as
Σz = [Σ+,Σ−]/2, this transition corresponds to a simple
rotation, where κin is given by the momentum difference
k1 − k2 of the lasers. For example, if n¯ is smaller than
unity, the resulting coherent state is well approximated
by a coherent superposition of the ground state |ground〉
with Σ− |ground〉 = 0 and the first excited Dicke state
Σ+ |ground〉. Then, after a waiting time ∆t, we may
switch on the two lasers again in order to reverse this ro-
tation. If the atoms did not evolve (e.g., tunnel) during
that time ∆t, we would get the ground state |ground〉
afterwards. However, if the atoms tunnel and thereby
scramble their spatial phases, the rotation back to the
ground state would not be perfect and we would obtain
a finite probability for some excited atoms remaining in
the final state – which could then be detected.
(a) (b)
FIG. 2: Sketches (not to scale) of the proposed level schemes
for the experimental implementation.
For example, if we consider the same initial state as in
Eq. (9), where N1 atoms are condensed (k = 0) and the
remaining N2 = N − N1 atoms are equally distributed
over all other k modes, the average number of exited
atoms in the final state reads (to leading order)
〈nˆmeta〉 = n¯
(
1− N1
N
cos {ϕ(∆t)} − N2
N
J (∆t)
)
. (14)
Thus, by measuring 〈nˆmeta〉 as a function of the wait-
ing time ∆t, we may infer the number N1 of condensed
atoms. Note that ϕ(∆t) and J (∆t) are exactly the same
expressions as in Eq. (9), which shows that the two sce-
narios are very similar. The most obvious difference is
the interference term cos{ϕ(∆t)} stemming from the fact
that we have a coherent superposition of states with dif-
ferent energies instead of a pure Dicke state (as men-
tioned above). However, the different time-dependences
– oscillation cos{ϕ(∆t)} versus decay J (∆t) – should
5allow us to distinguish the two mechanisms. Thus, it
should also be possible to differentiate between an adia-
batic passage from the Mott state to the superfluid phase
and a sudden transition.
VII. CONCLUSIONS
We studied Dicke superradiance from an ensemble of
ultracold atoms in an optical lattice described by the
Bose-Hubbard Hamiltonian (1) and found that the char-
acter of the emission probability (5) can be employed to
obtain information about the evolution of the quantum
state of the atoms. In the noninteracting case U = 0,
for example, the temporal decay of the emission peak in
forward direction (9) and (10) can be used to infer the
number N1 of condensed atoms. Comparing the adia-
batic passage from the Mott state to the superfluid phase
with a sudden transition, we found that these two cases
can also be distinguished via the temporal behavior of
the emission probability. Finally, we discussed several
options for an experimental realization.
Note that the above method is complementary to other
techniques since it yields information about the temporal
evolution of the coherence properties of the atoms with-
out destroying their state. Analogously to pump-probe
spectroscopy in solid-state physics, the dependence of (5)
on initial and final wave numbers κin and κout as well as
on waiting time ∆t yields nonequilibrium spectral infor-
mation. Since Eq. (6) includes different time coordinates,
we obtain access to double-time Green functions [34] and
thus may distinguish even- and odd-frequency correlators
[35], which also became a topic of increasing interest re-
cently. Here, we mainly focused on the Mott–superfluid
phase transition in the Bose-Hubbard model because it is
well studied experimentally, but our method can be ap-
plied to other cases – as long as they display distinctive
signatures in the correlator (6). For example, the quench
from the Mott insulator state to the metallic phase in
the Fermi-Hubbard model can be studied in an analogous
manner. One would even expect that superconductivity
shows signatures in a correlator of the form (6), but our
understanding of these matters is not complete yet.
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